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1. INTRODUCTION 
When a rigid body (insulator) immersed in a homogeneous, viscous and 
electrically conducting fluid executes a coplanar simple harmonic motion, the 
flow thereby set up has a number of characteristic properties. A study is made 
here for the case when the fluid is bounded on one end by an infinite plane 
surface of the rigid body which executes vibrations relative to the body of 
the fluid with frequency w. 
We take the solid surface as the v-plane, x-axis in the direction of oscilla- 
tion and the fluid region as z > 0. The region x < 0 is filled by the insulator. 
The problem is studied in two parts: 
(I) When the fluid extends to infinity; 
(II) When the fluid is confined between the oscillating plane and a 
parallel insulating plane (fixed). 
Part II constitutes a more general problem and Part I forms its special case 
when the distance separating the two planes becomes infinite. 
The kinematic viscosity v is assumed to be constant and also there is no 
slip between the fluid and the oscillating surface. If the velocity of the vibrat- 
ing plane is (u,, cos UJ~, 0, 0) where us and W, assumed to be constant, are 
respectively the velocity amplitude and the angular frequency of vibration, the 
velocity v = (zI, , vy , v,) at any point in the fluid for case I is given by 
Stokes [l] for simple hydrodynamic flow as 
v, = u. exp [- z (e)l”] cos [c& - z ($)1”] , 
vg = v, = 0. (1) 
* Abstract presented to the American Mathematical Society at its summer 
meetings held in Madison, Wisconsin, U.S.A. ; August 1968. 
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In the present discussion, magnetohydrodynamic effects are also included. 
A similar example of the oscillating plane has also been studied by 
Kakutani [2], Hide and Roberts [3], Axford [4], and Arora [5] for the case 
of fluid extending to infinity. The method applied here is different from the 
one used by these authors. The situation, itself, clearly suggests that the 
induced magnetic field is discontinuous at the interface of the fluid and the 
vibrating plane for it was to have a maximum value here because of the 
maximum velocity-amplitude, but for the boundary condition on the insulat- 
ing surface it is zero. So it is not reasonable to assume the magnetic field to be 
continuous on the outset. It is shown that one gets the magnetic field distribu- 
tion directly from the velocity distribution and then subjecting it to the 
boundary condition a discontinuous solution is obtained. Moreover, using 
the method followed here one is able to get a solution for Part II, whereas 
the other method fails to furnish the solution. 
To make the situation more realistic, we have neglected the dissipative 
effect of viscosity as compared to that of finite conductivity which is actually 
the case for liquid metals under laboratory conditions or under the conditions 
existing in stellar interiors. 
The oscillation of an infinite plane surface in a conducting fluid, under the 
action of a transverse magnetic field, generates an x-component of velocity v 
and induced magnetic field b and a y-component of current density j and 
electric field E. We assume that the velocity of the oscillating plane is 
il cos(wt + cy), which we write as u = Re(u,&t), where the consant u0 = A&a 
is in general complex. So long as the calculations involve only linear operations 
on the velocity u, we may omit the sign Re and proceed as if u were complex, 
taking the real part of the final result. Thus 
u = uO&t 
represents the velocity of the oscillating plane. 
(2) 
2. FUNDAMENTAL EQUATIONS 
The equations governing the flow of a viscous, incompressible and con- 
ducting Auid may be taken as 
g+(v.v)v= -$vp+$j xB+vV2v, 
div v = 0, (4) 
curl B = pj, (5) 
div B = 0, (6) 
curlE = -g, (7) 
j = a(E + v x B). (8) 
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The equations are expressed in rationalised M.K.S. units. B = PH 
is the magnetic induction, p the permeability, j the current density, p the 
matter density, v the fluid velocity, v the kinematic viscosity, and (T the elec- 
trical conductivity. p, v, p and u are constant throughout the flow field. We 
have assumed electric charge density to be zero and have neglected displace- 
ment and convection currents in (5). V, B, E and p (the hydrostatic pressure) 
are continuous and possess continuous partial derivatives with respect to X, y, 
x and t up to the order appearing in the governing equations. 
3. FORMULATION OF THE PROBLEM 
All the quantities depend only on the z-coordinate and time because of 
the symmetry. From the equation of continuity (4), we then have Bv,/LIz = 0, 
whence v, = constant = 0, for there is no flow in the z-direction at infinity. 
Since all quantities are independent of x and y coordinates and since a, = 0, 
we have (v * V) v = 0. We write v, = v(x, t) and divide B into a uniform 
applied field B, = (0, 0, B,,) and an induced field b = [b(z, t), 0, 0] so that 
B = B, + b. Also we have induced current density j = (0, j, , 0) and electric 
field E = (0, E, , 0). 
The equations governing plane laminar motion of an incompressible, 
conducting fluid are found to be 
a a2 --vy B, ab 
at a22 
e,=---- 
PP ad 
a 
at x a2 
-- - 
as 
b&e 
0 ax ’ 
where h = I/PO [6]. 
Elimination of v or b between these equations leads to 
[( 
a -- 
at A+&+&)-V2$](v,b)=0; (11) 
where V is the AlfvCn velocity B,/dpp. 
Equations (11) clearly show the combination of wavelike, diffusion and 
dissipative characteristics of the waves in a viscous fluid of finite conductivity. 
The relative effects of finite conductivity and viscosity are given by the 
operators h(a2/az2) and v(a2/az2) in Eqs. (11). Comparing the orders of 
magnitude, the dissipative effect of finite conductivity will greatly exceed that 
of viscosity if v < X or pm < 1. For liquid metals under laboratory conditions 
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or under the conditions existing in stellar interiors, this is certainly the case 
[6,7]. Accordingly we neglect the viscosity term in (11) and we have 
[ ( a a x a2 _ v2 a2 -__ __ at at a22 1 -1 (21, b) = 0. (12) 
4. PART I. FLUID REGION: 0 <z < m 
When the fluid extends to infinity, we have the boundary conditions that 
there is no slip of the fluid relative to the surface and that the fluid is at rest 
at large distances from the oscillating surface; i.e., 
v(z = 0) = u = u()&Jt; v(.z -+ 03) = 0. (13) 
The boundary conditions expressing the induced magnetic field [2, 31 are 
b(.z = 0) = 0 and b(x -+ co) = 0. (14) 
The first condition in (14) is because of the insulating plane. We solve (12) 
subject to (13) and (14). 
In virtue of harmonic motion, we take 
(~1, 6) = eiWtR(z) 
so that (12) gives 
(15) 
d2R 
p +g2R =O, (16) 
where 
and 
r = (V" +w;2w2)l,2; 
xw 0 = fl - tan-i 1/2 . 
i 1 
The general solution of (16) is 
R(z) = Cl&g2 + C2eciYz. (17) 
Subjecting (17) to the following boundary conditions for R in case of velocity 
distribution 
we get 
R(z = 0) = u. and R(z+ co) =0, (18) 
R = u,,eigz, 
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Therefore, we have 
v = u. exp[i(wt + gz)] 
= u. exp 
I ( 
- I”Bsin$)z+i[(r1/2cos~)z+wt]j (19) 
for the velocity field. Supposing u0 to be real and taking the real part of (19), 
we obtain 
v = u. exp 
I( 
-r1~zsin$)z]~~s[Wt+(r1~2c~s$-)~]. (20) 
Equation (20) represents a transverse wave with velocity v, = v perpen- 
dicular to the direction of propagation and the wave is rapidly damped in the 
interior of the fluid, the amplitude decreasing exponentially as the distance z 
from the bounding surface increases. 
Similarly, we have for the induced magnetic field 
b = &t((+$z + G2@z), (21) 
where G, and G, are arbitrary constants. Substituting for ti and b from (19) 
and (21) in (9) and (IO), keeping in view that Y is neglected, we get from the 
resulting equations: 
G 
1 
_ ~Pwuo 
BO8 
and G2 = 0. 
Hence the magnetic field is given by 
b = F exp[i(wt + gx)] 
CLPWUO = - exp BoC2 
(22) 
Taking real part of (22) 
b = CLPfJJUo ___ B,,.ll2 exp rli2 sin +) z] cos [wt + (,li2 cos $, z - +] . (23) 
According to (23) 
b(z=O)=p~coS(wt-~); b(z + co) = 0. (24) 
This shows that the maximum value of b occurs at x = 0 and as we move 
away from the oscillating plane it decreases exponentially. But from (14) 
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we require b (Z = 0) = 0. This means that the induced magnetic field has a 
discontinuity at z = 0, where the value drops suddenly to zero from its 
maximum value. Hence 
PPWUO - Borl/2 exp 
b= for z>o (25) 
0 at .z =o. 
From (20) and (23, the magnetic field lags the velocity field by a phase 012. 
The depth of penetration, 6, over which the amplitude falls off by a factor 
e is given by 
s= le, (26) 
r112 sin - 
2 
which shows that the depth of penetration diminishes with increasing 
frequency, but increases with the increasing magnetic field. 
The tangential force per unit area at any level is given by 
CL&, t) = 7) g = 7y1’2U, 
x exp 
[ ( 
- r1~2sin~ja]cos[wl+(r1~2~~s~j~+~+~], 
0 r!l = OY2 - 0, (27) 
where v( = vp) is the dynamic viscosity. Therefore, the tangential force per 
unit area acting on the plane is 
o,,(O, t) = 7jY%, cos 
( 
6Jt + ” + Jt 
1 2 2’ 
and this gives the skin friction which increases with increasing frequency 
and decreases with increasing applied magnetic field. Since the velocity of the 
oscillating surface is u. cos wt, there is a phase difference of (n/2) + (e/2) 
between the velocity and the skin friction. 
The rate at which internal stresses do work at any surface parallel to the 
vibrating plane, using (20) and (27), is 
1 
[ ( 
e 
U,,V = - - @/2u02 exp - 2r1j2 sin - 2 
2 2 ! 1 
X [sin$+sinj2wt+2(r1/sc0s+jZ+$/], 
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which oscillates at double the frequency of vibration about a nonzero average 
value given by 
1 
?po 2 Y l/2 [ ( 2riJ2 sin 
e 
- )I z sin 
e 
u,,v = - - 2 exp - 2 -. 2 (29) 
The energy dissipation per unit time per unit area of the oscillating plane or 
the power input per unit area required to maintain the motion is determined 
by the work done by the frictional forces and is given by 
p = - (%,Vu) (0, t) 
= + ~Uo2’1/2 
[ 
sin $- + sin 24 + t 
( 13 
, 
which oscillates about the average value 
1 I9 
P = T 7p02r1f2 sin z , (30) 
corresponding to a net energy transfer from the vibrating plane to the fluid, 
where it is dissipated by viscous friction. 
From (5) and (23), we have for the current density 
jv=labrp~ 
p az B, exp [ i - r1~2sin+)z]cos[wt+(r”Zcos+)z+~] . 
(31) 
From (8), 
E,=$‘-(vxB),=$+vB,. 
Substituting for jy and v, we obtain 
E, = uoBo set 0 exp [ - (+/a sin f) ,z] cos [cot + ~1’2 cos $) z - 01 (32) 
for the induced electric field. Equations (31) and (32) clearly show the 
existence of surface current density and the electric field at z = 0. 
5. PART II. FLUID REGION: 0 <x <h 
When the fluid is confined between the oscillating plane and a parallel 
fixed solid (insulator) plane at x = h, we have the following boundary condi- 
tions for the velocity and magnetic fields: 
v(z = 0) = u,eiwt, v(z = h) = 0; 
b(z = 0) = 0 = qz = h). (33) 
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From (12) we have, as in Part I, 
~1 = eiWt(&eigZ j Kg-igZ), 
which when subjected to (33) gives 
Kl = ‘41 
1 _ e2ish 
and K, = - 1 “f:fgh . 
Hence 
(34) 
Similarly, we have for the magnetic field 
b = &Jt(Mleigz: + M&Sz), (35) 
where MI and IlIz are constants to be determined. Substituting for ~1 and 6 
in (9) and (lo), we get 
and 
1 
1 _ ema Leigz + eig(2h-sYj = -$$ [Mleig* + M,t+gq 
giving 
and M = ppuuoe2igh 
’ B,,g(] - e2igh)’ 
so that (35) becomes 
b= tLPWU0 
B,g(l - e2igh) 
&Jt[eiCTk + eig(Zh--z)Ja 
Writing g = G2 exp(i0/2) =p + iq, (34) can be written as 
2) - ;;;;; (1 _ e--2qh-2ivh) (,igz _ &gGh-2)) 
(36) 
az+iPz _ e~(~-2h~+i~(2h-z) _ e-dz+2h)+dp(z-2h) + eg’z-4h,-ipz 11 
(37) 
409127134 
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where R(h) is defined by the function 
R(x) = (1 + e-4g3F - 2e-2gx cos 2px)1/2 
and 
R(O) = 0, R(x+ co) = 1, R(- x) = e2gzR(x). (38) 
Taking real part of (37) 
v = - e 
RI(h) [ - 
g* cos(wt + pz) - e-g(*+zh) cos(wt + pz - 2Ph) 
+ eg(z-4h) cos(wt - pz) 
- eq(z-2*) cos(wt - px + 2Ph)] 
= & [e-Q2 cos{wt + px + (b(h)) 
- eg(z-2h) cos{wt - pz + 4(h) + 2Ph}] 
= u,, ‘$(h, h, eq(z-$h) cos[wt + pz + 4(h) - 4(h - z)], (39) 
where 4(h) and $(h - z) are defined by 
4(x) = tan-l 
sin 2px 
e2Qs - cos 2px (40) 
so that 
~(x+m)=O and +(x) - $(- x) = rr - 2px. 
Similarly, the magnetic field can be written as 
b=jjg$g &t(l _ e-2qh-2iph) (,igz + eig(2h-z)) 
Substituting for g and taking the real part, we get 
- e-Q(z+zh) cos (cot + PZ - f - 2ph) 
+ eg(z-2h) 120s wt - PZ - - ; -+2Phj - edz-4h) cos 
i 
tJ wt - pz - - 
2 11 
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wpwuo 
= &,~l’~R(h) 
[e-Q2 cos Id + pz - ; + 4(h)\ 
+ eq(s-2h) cos jd - pz - $- + +(h) + 2phll 
= Boy$h, A(z - h) eq(z-2h) cos [d + pz - ; + 4(h) - /3(z - h)] , 
where A(z - h) and /3(z - h) are defined by 
,4(x) = (1 + e-442 + 2eC2Qx cos 2px)l12 
/3(z) = tan-l 
sin 2px 
e-2qr + cos 2px 
(41) 
(42) 
From (41), 6 has finite values at z = 0 and z = h, but b must be zero at 
these points because of the boundary conditions (33). Hence we write for 
the magnetic field 
Boy$h) A(z - h) eg(z-2h1 cos [cot + pz - ; + 4(h) - B(z - h,] 
b= O<z<h (43) 
0 at z =O and z =h. 
The frictional force per unit area on the moving plane is 
+ e-2*h sin /UJ~ + +(h) + 2ph + -$I] 
= - yo~1/2 -$# sin [wt + 4(h) i- $ - /3( - h)]; (44) 
while on the fixed plane, it is given by 
- u,,(h, t) = - 7 ($),_, = 27uo~1/2 & e--ph sin [wi + ph + 4(h) + $.] . 
(45) 
The energy transfer per unit time per unit area from the oscillating plane 
to the fluid is 
1 e 1 = z 7p02y1f2 sin - - 
2 R(h) [ 
1 - eF4qh + 2e-2qh cot G sin 2ph 1 . (46) 
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The induced current density is found to be 
pwu() R(z - h) 
j, = - 
BO R(h) 
e*(s-2h) cos [cat + $JZ + +(h) - +(h - x) + T-1 ; (47) 
whereas the electric field is 
E, = u&, set 0 
R(z - h) 
R(h) 
e*(~-~h) cos [cot + pz + 4(h) -#(h - z) - O] . 
(48) 
Equations (47) and (48) show that surface current density and electric 
field are zero at the fixed plane, i.e., at z = h whereas these have finite values 
on the oscillating plane. 
The results expressing various quantities in Part II reduce to the corre- 
sponding values in Part I when h tends to infinity. 
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